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Abstract-Let f and g be two nonconstant meromorphic functions. If @(co, f) + 8(00, g) > 3/2, 
then there exists a set S with seven elements such that E(S, f) = E(S, g) implies f 3 g. @ 2003 
Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
In this paper, the term “meromorphic” will always mean meromorphic in the complex plane C. 
While it is assumed that the reader is familiar with the standard notations of value distribution 
theory, and these can be found, for instance, in [l] or [2], we mention here that 
N(r, f) 
O(f,cG)=l-~~im_sup---, 
T(r, f) 
where W(T, f) is the Nevanlinna counting function for the poles of f ignoring multiplicities, and 
T(T-, f) is the Nevanlinna characteristic function. Thus, @(f, 00 is a kind of deficiency for poles ) 
of f, but not the actual deficiency 6(f, oo) that involves the full Nevanlinna counting function 
N(r, f) that counts the poles according to multiplicity. We use 1 to denote any set of positive 
real numbers of infinite linear measure and use E to denote any set of positive real numbers of 
finite linear measure, not necessarily the same at each occurrence. We denote by S(r, f) any 
function satisfying 
S(T, f) = oP’(r, f)) 
&37-+CO,7-$E. 
Let f be a nonconstant meromorphic function, and let S be a set of complex numbers. Define 
E(S,f)= U{4f(+~=‘% 
G-9 
where each zero of f (2) - a with multiplicity m is counted m times in E(S, f). 
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In 1977, Gross [3] posed the following question. 
QUESTION 1. Does there exist a finite set S such that, for any pair of nonconstant entire func- 
tions f and g, E( S, f) = E( S, g) implies f 3 g ? 
If such a finite set exists, a natural problem is the following. 
QUESTION 2. What is the smallest cardinahty for such a finite set? 
Yi [4] first proved that such a set exists. So far, the best answer to Question 2 is the following. 
THEOREM A. (See [5].) Th ere exists a set S with seven elements such that E( S, f) = E(S, g) 
implies f E g for any pair of nonconstant entire functions f and g. 
Later, Li and Yang [6,7], M ues and Reinders [S], and Frank and Reinders [9] studied these 
questions for meromorphic functions. The present best answer to Question 2 for meromorphic 
functions was obtained by Frank and Reinders [9]. They proved the following result. 
THEOREM B. (See 191.) Th ere exists a set S with 11 elements such that E(S, f) = E(S,g) 
implies f G g for any pair of nonconstant meromorphic functions f and g. 
Now it is natural to ask the following question. 
QUESTION 3. If nonconstant meromorphic functions f and g have ‘few” poles, can the number 
of elements of the set S in Theorem B be reduced to seven? 
Recently, Fang and Hua [lo] proved the following result. 
THEOREM C. Let f and g be two nonconstant meromorphic functions. If @(oo, f) > 11/12 and 
O(oo,g) > 11/12, then there exists a set S with seven elements such that E(S, f) = E(S,g) 
implies f s g. 
In this paper, we shall prove the following result. 
THEOREM 1. Suppose f and g are nonconstant meromorphic functions such that @(oo, f) + 
O(ca,g) > 312. Then there exists a set S with seven elements such that E(S, f) = E(S,g) 
implies f s g. 
By Theorem 1, we immediately obtain the following corollary. 
COROLLARY 1. Let f and g be two nonconstant meromorphic functions. If @(co, f) > 314 and 
O(oo, g) > 3/4, then there exists a set S with seven elements such that E(S, f) = E(S, g) implies 
f F g. 
2. LEMMAS 
To prove our results, we need some lemmas. 
LEMMA 1. (See [II].) Let f b e a nonconstant meromorphic function, and let al, az, . . . , a, be 
finite complex numbers, a, # 0. Then 
T (r,a,fn + ... +azf2 +a~) = nT(r,f) + S(r,f). 
The following lemma essentially belongs to [S] (see [12]). 
LEMMA 2. Let f and g be nonconstant meromorphic functions and n(L 6) be an integer. If’ 
cn - 1;” -2) fyz) _ n(n _ ‘qf”_l(z) + Zyf~-Z(z) 
= (n - l)(n - 2) 
2 
g=(z) - n(n - 2)g”_i(z) + l)gn-2(z), n(,z 
then f(z) F g(z). 
Next we denote by Ncz(r, l/h) the counting function of the zeros of h with multiplicity 1 2, 
where each zero is counted only once. 
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LEMMA 3. Let F and G be nonconstant meromorphic functions such that E(1, F) = E(1, G), 
and q(# 0,l) be a finite complex number. Set 
If H $0, then 
3[T(r, F) + T(r, G)] I 4 (N(T, F) + R(r, G)) + 2 
PROOF. Since E(1, F) = E(1, G), by a 1 ocal expansion, we see from (2.1) that, if .ZO E E(1, F), 
then H(Q) # co. Furthermore, if zo is a simple one-point of both F and G, then H(to) = 0. 
Thus, 
and 
N(r, H) I icT(r, F) + m(r, G) + ~C(Z 
+Nc2 (r,$---) +Rc2 (r,&) SN0 (r,$) fN0 (r,&), (2’3) 
where No(r, l/F’) denotes the counting function corresponding to the zeros of F’ that are not 
zeros of F(F - l)(F - q), and IVo(r,l/G’) d enotes the counting function corresponding to the 
zeros of G’ that are not zeros of G(G - l)(G - q). 
By the second fundamental theorem, we have 
2T(r, F) 5 fl(r, F) + iV (r,i)+R(r,&)+.(,,&)-Na(r,$)+S(r,F), (2.4) 
and 
2T(r, G) 5 m(r, G) + w (r,~)+~(r,~)+W(r,~)-Na(r,~)+S(r,G). (2.5) 
Noting that 
and combining (2.2)-(2.6), we obtain the conclusion of Lemma 3. 
3. PROOF OF THEOREM 1 
Let 
s= 
F(z) = ;f(~)~ - ff(~)~ + +z)‘, 
G(z) = ;g(z)’ - fg@ + ;S(+ 
(3.1) 
(3.2) 
(3.3) 
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Since E(S, f) = E(S, g), we know that E(l,F) = E(1, G). By Lemma 1, we have 
T(T, F) = 7T(r, f) + S(T, f), 
UT, G) = 7T(r, 9) + S(r, 9). 
From (3.2), it is easy to get 
fi(+)+++) ‘2~(1-.~)+N(r;(15/2,f2-(:5,2)/f21,2) 
5 4T(r, f) + S(r, f). 
By a simple computation, 1 is a root with multiplicity three of the following equation: 
-.Z7 15 
2 
-_-2s+-z5=- 35 21 1 
2 2 2’ 
and thus, 
J’(z) - ; = (f(z) - 1)3&(f)> 
where Q is a polynomial of degree four. Therefore, 
I$-.&4 +~I2(7-:&5) m(+&) ++&) 
I 6T(7-, f) + S(r, f). 
Thus, from (3.6) and (3.7), we obtain 
2{~(r,~)+~(z(r,~)+~(r,~)+~(2(‘;~)} 
L 20T(r, f) + S(r, f). 
Similarly, we have 
Suppose H $0, where H is defined as (2.1). According to Lemma 3, we have 
3[T(r, F) + T(r, G)] < 4 (n(r, F) + m(r, G)) + 2 { - (r,-$) +Nc2 (;f> N
Combining (3.4), (3.5), (3.8)-(3.10), we deduce that 
(48(co, f) - 3)T(r, f) + (4Q(oo,g) - 3)T(r,g) L S(r, f) + S(r, 9), r#E 
(3.4j 
(3.5) 
(3.6) 
(3.7) 
(3.3) 
(3.9) 
(3.10) 
(3.11) 
Let 
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Then p’(z) = (105/2)z4(z - 1)2. Note that p(O),p(l) # 0. Thus, all the zeros of p(z) are simple, 
and we denote them by zj (j = 1, . . . ,7). Since E(S, f) = E(S, g), from Nevanlinna’s second 
fundamental theorem, we have 
5T(r, g) 2 2 N 6, $-$ + S(r, 9) 
j=l 
1 
ZZ r, f _ zj 
> 
+ S(r, 9) 
< Wr, f> + S(r, 9). 
Similarly, we have 
5T(r, f) I 7T(r, 9) + S(r, f). 
The last inequalities imply T(r, f) = O(T(r,g)) and T(r,g) = O(T(r, f)) (r 6 E). Hence, we 
have S(r, f) = S(r, g). 
Without loss of generality, we may suppose that there exists a set I with infinite measure such 
that 
T(r, 9) I T(r, f), r E I. 
Thus, from (3.11), we have 
[4(@(00, f) f @(m,g)) - 6lT(r, 9) L S(r, s), rEI\E, (3.12) 
which is impossible from the assumption Q(oo,f) + S(oo,g) > 3/2. Therefore, H E 0, and we 
deduce from (2.1) that 
$QG+b 
cG+ 
(3.13) 
where a, b, c, and d are finite complex numbers satisfying ad - bc # 0. Obviously, we have 
T(r, F) = T(r, G) + O(1). 
Next we prove either F = G or FG z 1. We consider three cases. 
CASE 1. ac # 0. From (3.13), we get 
m(r,G) =N(r,hc). 
By the second fundamental theorem, 
T(r, F) 5 fi(r, F) + &’ (r,&) +.(r,f> +S(r,F). 
We note that 
and 
m(r, F) = n(r, f) 5 (I- @(co f))T(r, f), r 6 E, 
m(r, G) = m(r,g) i (1 - Q(oog))T(r,g) 
L (1 - Q(co g))T(r, f), rEI\E, 
n(r,f) <N(r,f)+fl(r,(,,/,,,,_($,,),.,l,,) I3T(r,f)+S(r,f). 
(3.14) 
(3.15) 
(3.16) 
(3.17) 
(3.18) 
(3.19) 
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Combining (3.16)-(3.19), we have 
T(r, f) 5 S(r, f), TEI\E, 
and this is not possible. 
CASE 2. a # 0, c = 0. In this case, F = (aG + b)/d. If b # 0, then 
and we can use the reasoning of Case 1 with b/d used in place of a/c, to obtain a contradiction. 
Thus b = 0, and so 
F+ 
Since E(l, F) = E(l, G), there exists a point ze such that F(Q) = G(Q), which yields a/d = 1, 
and thus, F = G. 
CASE 3. a = 0, c # 0. Then F s b/(cG + d). A s in Case 2, we can prove that d = 0, b/c = 1, 
and thus, FG 5 1. 
By the above discussions, we have either F 3 G or FG s 1. 
Now we prove that FG qh 1. Suppose on the contrary that FG = 1, that is, 
f5(f - Zl) (f - 21) g5(9 - Zl) (9 - 21) = & (3.20) 
where zr = (35 + &%)/30. If w is a zero of f with order m, then by (3.20), w should be a pole 
of g with some order n such that 5m = 7n. Thus, m > 7 by the fact that m and n are integers. 
Thus, 
Similarly, from (3.20), we have 
N(r,+J +(r,$-) +w)+S(r:f). 
(3.21) 
(3.22) 
Using the second fundamental theorem, we have 
that is, 
@(co, f) - ;) T(r, f) I S(r, f), r # E. (3.23) 
Similarly, we have 
( 
Q(co 9) - t 
> 
T(r,g) L S(r,s), r g E. (3.24) 
From the assumption that T(r,g) < T(r,f), and noting that S(r, f) = S(r,g), from (3.23) 
and (3.24), we get 
T(r,g) I S(r,s), rEI\E, 
a contradiction. So we have F s G, that is, 
and by Lemma 2, we get f sz g. This completes the proof of Theorem 1 
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